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Abstract— This paper develops the mathematical basis
for a GPS based attitude determination (AD) system that
performs even in the presence of strong external interfer-
ence. This is accomplished by approaching the AD prob-
lem from an antenna array viewpoint and using phase and
amplitude information, vice using only phase information
as in “conventional” AD systems. By redefining the ar-
ray response vector used in array processing, a Maximum
Likelihood Attitude Estimator (MLAE) is developed. This
paper shows that the MLAE is a consistent estimator,
and its performance asymptotically achieves the Cramér-
Rao Bound. Simulation based performance results of the
MLAE are presented for various antenna topologies and
interference scenarios, showing that it offers a significant
improvement over the conventional attitude determination
methods.

I. INTRODUCTION

It is well known that adaptive antenna arrays (often
referred to as “Smart Antennas” for communications sys-
tems) provide significant resistance to unintentional in-
terference and intentional jamming for both signal ex-
traction and direction finding. Global Positioning System
(GPS) based attitude determination (AD) systems uti-
lize multiple sensors as well to extract attitude through
carrier phase differences between the sensors [1]. How-
ever, present AD algorithms typically offer only the jam-
ming resistance inherent in the receiver (i.e. gain from
the spread spectrum waveform and perhaps coupling with
some form of INS), which for even low powered jammers
may not be enough to prevent corruption of the attitude
estimates. Therefore, it seems appealing to exploit the
similarities between the two fields of adaptive array pro-
cessing and GPS based attitude determination to increase
the anti-jam capabilities of GPS attitude systems. Indeed,
this work centers around a substantially different method
of approaching the attitude determination task than is
typically employed.

Conventional Phase Difference Model

Consider the signal model and assumptions of a con-
ventional attitude determination system. After downcon-
version, despreading, and integration the signal received
at sensor x0 of Figure 1 consists of a contribution from
the satellite and a noise term.

x0 = gejφ0 + n0 (1)

The second sensor also receives the same satellite signal
only shifted in time (i.e. phase).

x1 = gej(φ0+δφ) + n1 (2)

The noise terms n0 and n1 are assumed uncorrelated, and
moreover are assumed to be small compared to the re-
ceived gain from the satellite signal g (after processing
described above). The attitude determination problem
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Fig. 1. A two sensor interferometric system. The baseline vector

vector ~d can be determined by the known LOS vector ~v and the
phase difference between the signals measured at the two sensors x0

and x1.

for this simple two sensor case1 is to estimate the base-
line vector ~d. It is clear to see that by taking the phase
difference ∆φ between x0 and x1, then the following re-
lationship between the orientation of the vector ~d, the
known line of sight (LOS) vector to the satellite ~v, and
the phase difference may be obtained as [3]

∆φ = Φ(x1)− Φ(x0) (3)

≈
2π

λ

(

~v • ~d+ kλ
)

(4)

≈ δφ+ k(2π) (5)

where Φ(·) implies taking the phase angle of (·), ≈ implies
“is approximately equal to,” and k is an integer.

The reason that (5) holds is due to the previous as-
sumption that the amplitude of the interference terms is
much smaller than the amplitude of the satellite terms,
and therefore the satellite components dominate the phase

1By using at least three sensors and two satellites [2], the complete
attitude of the antenna may be found.



of the sumof satellite signal and noise. However, when an
interference source such as a jammer is present, the accu-
racy quickly degrades. This occurs because the presence
of the jammer violates the signal model in that the phase
difference, ∆φ, is no longer a good approximation of δφ.
Even with relatively high signal to jammer ratios, the per-
formance of this conventional attitude estimator will be
degraded. The fundamental thrust of this paper is the
development of algorithms that increase the resistance of
the attitude estimator to external interference.

The algorithms developed in this paper require that the
satellites used for attitude determination are in code and
Doppler track, even in the presence of jammers. This may
be accomplished by using the receiver design of [4], where
the data from multiple sensors are adaptively combined
before they are used for updating the tracking loops. The
adaptive weights are designed to provide gain towards the
satellites, while providing attenuation in the direction of
the jammers and therefore allowing successful tracking of
the satellites.

Notation, Preliminaries, and Signal Model

We begin this section by reviewing the matrix and vec-
tor notation used throughout this work.

AT = the transpose of the matrix A

AH = the conjugate transpose of A

A¯B = the Hadamard product of A and B

Ij = the j x j identity matrix

A > 0 = A is positive definite

Z ∈ Ca×b = Z is a complex matrix of size a× b

q1 ? q2 = quaternion multiplication

In addition, the following variables are consistently used
in the following roles.

L = the number of satellites being tracked

M = the number of sensors in the array

N = the number of snapshots of data available

Some common parameterizations of the attitude include
Euler angles, quaternions, and direction cosine matrices.
Throughout this work, this attitude is referred to generi-
cally as q, to remain independent of any particular param-
eterization. However, when specific parameterizations of
this attitude are employed they follow the notation and
description below.

q = a hypothesized attitude of the antenna
o
q = the true attitude of the antenna

q = [q1, q2, q3, q4]
T , the attitude quaternion

Q = the 3x3 direction cosine matrix

A common model for a snapshot of data, x(tn) n =
1, 2, . . . , N , received at the M sensors

x(tn) =

L
∑

l=1

γla(θl)sl(tn) + n(tn) (6)

where n(t), a(θl) and x(t) ∈ CM×1. In equation (6), γl
and θl represent the unknown complex gain and direction
corresponding to the lth satellite source. The array re-
sponse vector (spatial steering vector), a(θl), is defined
as the response of the array to a signal impinging from
direction θl, and is assumed known and unique for any
possible θl. The direction θl, which is always referenced
in the antenna frame, is completely specified by two pa-
rameters (eg. azimuth and elevation angles) or a line of
sight unit vector ν = [νx νy νz]

T . Using this definition
the array response vector can be written in terms of the
components of ν and a series of vectors bi, i = 1, . . . ,M
from the array reference point to the sensor locations.

a(θ) =













ej
2π
λ

bT1 ν

ej
2π
λ

bT2 ν

...

ej
2π
λ

bTMν













(7)

The signal from the lth satellite, sl(t), contains the sam-
pled spreading waveform, and the sampled Doppler refer-
enced at the array reference point, defined as the origin
of the antenna frame. The low rate (50 Hz for GPS) data
sequence that modulates the fast rate spreading waveform
is assumed constant during a collection of snapshots, and
is included in the complex gain γl.

Equation (6) may now be written in a more compact
form as

x(tn) = A(Θ)Γs(tn) + n(tn) n = 1, . . . , N (8)

where Θ = [θ1, . . . , θL], A(Θ) = [a(θ1), . . . ,a(θL)], and Γ
is a diagonal matrix with γ1, . . . , γL along the diagonal.
The time varying components of the satellite signals at
time tn are contained in s(tn) = [s1(tn), . . . , sL(tn)]

T .
The model for the interference is left relatively unstruc-

tured, allowing for thermal noise, multiple jammers, and
other interfering signals. We assume that the interference
noise waveform vector, n(t), is zero mean, wide sense sta-
tionary, and circularly symmetric complex Gaussian with
positive definite covariance matrix Rs, where the sub-
script “s” implies the spatial, i.e. sensor to sensor covari-
ance. The interference is uncorrelated from all satellite
signals. Moreover, we assume the interference is tempo-
rally uncorrelated. Since thermal noise will exist in the
sensors’ data, it is safe to assume that Rs(0) is positive
definite.

These assumptions are common for analysis involving
jamming or other interfering signals, as in [5, 6]. A final
assumption is that the interference covariance is known.
In practice, it is not known, but can be estimated. Meth-
ods of estimating the statistics of the interference are pre-
sented in [4, 5, 7, 8].

II. Maximum Likelihood Direction Estimation

This section briefly reviews maximum likelihood direc-
tion finding, to provide a mathematical foundation for the
maximum likelihood attitude estimation to follow. Tak-
ing the natural logarithm of the likelihood function of the



received data snapshots x(tn), n = 1, 2, . . . , N and drop-
ping the constant terms produces the familiar log likeli-
hood ratio (LLR), and the 4L real parameters composing

Θ̂ and Γ̂ that maximize this ratio are the maximum like-
lihood estimates of Θ and Γ:

Θ̂, Γ̂ = argmax
Θ,Γ

N
∑

n=1

−[x(tn)−A(Θ)Γy(tn)]
HR−1

s

[x(tn)−A(Θ)Γy(tn)] (9)

A significant factor in the estimation of the directions to
the satellites (and later, the attitude) is the knowledge of
the satellite waveform. Since the waveforms are known,
the received data may be de-spread and integrated, in-
creasing the signal to interference ratio. De-modulation
of the Doppler and spreading sequence is achieved by pro-
jecting the data from each sensor onto the estimated 1×N
temporal steering vector ŷl for each source. However,
since the satellites are assumed in track in both time and
frequency, we substitute ŷl = yl for l = 1, . . . , L, where
yl is defined as:

yl = [sl(t1), sl(t2), . . . , sl(tN )] (10)

Let ul represent the vector of data demodulated and
despread by the lth waveform:

ul =
1

εl

N
∑

n=1

x(tn)y
∗
l (tn) (11)

where εl = yly
H
l =

∑N
n=1 yl(tn)y

∗
l (tn).

It can be shown [5] that if the signal waveforms are
uncorrelated, as is the case with the GPS satellite wave-
forms, that the multidimensional estimation problem de-
composes to a series of decoupled estimations of individual
source parameters. At the stationary point correspond-
ing to the (as yet unknown) estimate of direction θ̂l, the
complex gain is found to be:

γ̂l =
aH(θ̂l)R

−1
s ul

aH(θ̂l)R
−1
s a(θ̂l)

l = 1, . . . , L (12)

and using this expression provides the estimator for θl:

θ̂l = argmax
θl

∣

∣aH(θl)R
−1
s ul

∣

∣

2

aH(θl)R
−1
s a(θl)

l = 1, . . . , L (13)

III. A New Array Response Vector

Direction finding, in loose terms, states that the infor-
mation provided by each source (satellite in this case),
through the differences in time or phase of the source
signal as received across the sensors, is a direction. How-
ever, for the GPS attitude determination task consider
the new concept that each satellite directly provides an
(ambiguous) estimate of the antenna attitude when the
known direction to the satellite in the local-level frame is
included in the estimation process.

We begin by re-examining the array response vector a.
Previously this was defined as a function of the two pa-
rameter valued θ, which was derived from the line of sight

vector ν (in the antenna frame) to the source, as shown
in equation (7). Indeed, for the last 30 years or so of ar-
ray processing the argument of the array response vector
has been the angular direction to the source. However,
another equally valid method of parameterizing this ex-
pression is in terms of the line of sight vector in the local
level frame and the antenna (or body) attitude. These
two LOS vectors (using the subscripts B and LL denote
body frame and local level frame, respectively) are related
by the direction cosine matrix Q that transforms vectors
in local level frame to body frame. The direction cosines
that comprise the direction cosine matrix are defined by
the body attitude, q, as

νB = Q(q)νLL (14)

producing the array response vector parameterized on an-
tenna / body attitude:

a(νLLF , q) =













ej
2π
λ

bT1 Q(q)νLL

ej
2π
λ

bT2 Q(q)νLL

...

ej
2π
λ

bTMQ(q)νLL













(15)

The values of the new array response vectors for each of
the local level frame satellite directions evaluated at the
true attitude are identical to the values of the standard
(direction based) array response vectors evaluated at each
of the true satellite directions in antenna frame,

a(
o

θl) = a(νl,
o
q) (16)

where the
o

θl and
o
q represent the true direction and atti-

tude.

Attitude Ambiguity

When the array response vector is parameterized by
antenna frame direction, it is typically assumed that the
mapping between direction and array response is unique.
However, when defined as a function of attitude, the array
response vector is ambiguous: an entire family of attitudes
will all produce the same array response vector. This
ambiguity is the manifestation of the fact that attitude
cannot be uniquely resolved when using information from
only a single satellite source.

Mathematically, this ambiguity can be obtained from
the quaternion representation of attitude. The locus of
possible attitudes can be determined by the true attitude

quaternion
o
q, the local-level frame LOS vector ν to the

satellite source, and a scalar variable ω. Using these, the
ambiguity in attitude from the new array response vector
definition may be represented as

a(
o
q, ν) = a

((

q̆(ω) ?
o
q
)

, ν
)

− π ≤ ω < π (17)

where the quaternion q̆(ω) is

q̆(ω) =

[

sin(ω2 )ν
cos(ω2 )

]

(18)



Theorem 1: The attitude ambiguity in the array re-
sponse vector for one satellite intersects the ambiguity
in the array response vector for a satellite at a different
direction in a single attitude, the true attitude of the an-
tenna array. That is,

q1(ω1) ∩ q2(ω2) =
o
q (19)

Proof: The proof is straightforward quaternion ma-
nipulation and is found in [9].
This theorem is consistent with the conventional GPS at-
titude determination concept that states the minimum
number of satellites required for attitude determination
is two [2].

IV. Maximum Likelihood Attitude Estimation

Since the despreading and Doppler removal is typically
performed in GPS receiver hardware as a multiply, inte-
grate, and dump [10], we consider as the observables for
this approach the demodulated and integrated data vec-
tors ul, l = 1, 2, . . . L.

Recall from equation (11) that ul contains contribu-
tions from all satellites and interference. We denote the
signal contribution from the lth satellite as zl and the
interference (including jammers, thermal noise, and the
multiple access interference from other satellites) as wl,
so that

ul = zl +wl (20)

where

zl =
1

εl
γla(νl,

o
q)ylŷ

H
l

= γla(νl,
o
q) (21)

and

wl =
1

εl
[n(t1),n(t2), . . . ,n(tN )]yHl

+
1

εl

L
∑

p=1, p6=l

γpap(
o
q)ypy

H
l (22)

Just as with the thermal noise and jammer signals, we
consider wl to be a zero mean, circularly symmetric, com-
plex vector of Gaussian 2 random variables. It is clear that
ul is a consistent estimator of zl.

E[wl] = 0 (23)

E
[

wlw
T
l

]

= 0 (24)

Using the these, we define the space-satellite data vector,
U, of the received data as:

U =
[

uT1 uT2 . . . uTL
]T

(25)

Z and W, the components of U, are similarly defined
such that

U = Z+W (26)

2Using this model for the multiple access interference is similar to
approaches used for bit error analysis of multi-user communication
systems.

Finally, let Rss denote the ML ×ML space-satellite
covariance formed fromW as

Rss = E
[

WWH
]

(27)

By employing the new array response vector, the log
likelihood function is now parameterized by the antenna
attitude and the complex gains, and not the body frame
directions to the satellites.

LLR = [U− Z(Γ, q)]
H
R−1
ss [U− Z(Γ, q)] (28)

Due to the orthogonal nature of the GPS spreading
sequences, it can be shown [9] that the ML×ML space-
satellite interference covariance matrix asymptotically re-
duces to a block diagonal structure of M ×M blocks:

Rss =











C1 0 · · · 0
0 C2 0 0

0 · · ·
. . . 0

0 · · · 0 CL











(29)

Therefore as N (i.e. the integration time) becomes large,
the maximum likelihood estimates of attitude and com-
plex gains asymptotically approach the following sum of
terms:

q̂, Γ̂ ' argmin
q,Γ

L
∑

l=1

[ul − γla(νl, q)]
HC−1

l [ul − γla(νl, q)]

(30)
As with the direction finding application, a closed form
expression for γl in terms of q at a stationary point is:

γ̂l =
aH(νl, q)C

−1
l ul

aH(νl, q)C
−1
l a(νl, q)

(31)

However, unlike the direction finding scenario, the esti-
mator for attitude is coupled, that is all satellites (being
tracked) contribute to the attitude estimate. Substituting
(31) into (30) and removing terms that do not vary with
attitude produces the following attitude estimator:

q̂ = argmax
q

L
∑

l=1

|a(νl, q)]
HC−1

l ul|
2

aH(νl, q)C
−1
l a(νl, q)

(32)

By using a shortened nomenclature, a “whitened” array
response vector may be defined as:

ãl(q) = C
−1/2
l a(νl, q) (33)

where Cl = C
1/2
l C

1/2
l Equation (32) may now be rewrit-

ten as

q̂ = max
q

L
∑

l=1

|uHl C
−1/2
l ãl(q)|

2

|ãl(q)|2
(34)

= max
q

L
∑

l=1

uHl C
−1/2
l Pãl(q)C

−1/2
l ul (35)

where

Pãl(q) =
ãl(q)ã

H
l (q)

ãHl (q)ãl(q)
(36)



Equation (35) is the Maximum Likelihood Attitude Es-
timator (MLAE). One way to view this expression is that
it produces a “metric” value at every possible attitude,
and the attitude producing the lowest metric value is cho-
sen as the estimate. Since each satellite source contributes
to the metric, the attitude ambiguity is removed and the
complementary geometric structure of the satellite con-
stellation is utilized to provide a high quality estimate of
attitude.

V. MLAE PROPERTIES

Even though both the MLAE and the multi-source di-
rection estimator of [5] make use of known and uncor-
related source waveforms, they are fundamentally differ-
ent, since the direction estimates obtained from the algo-
rithm of [5] are independent source to source while the
MLAE attitude estimate is formed from information cou-
pled across all satellites. However, we can show that the
MLAE, like the direction estimators, is asymptotically
consistent, and efficient.

Consider the right side of equation (35) as the function
G(q) of the unknown attitude:

G(q) =
L
∑

l=1

uHl C
−1/2
l Pãl(q)C

−1/2
l ul (37)

G(q) is simply the value of the estimator “metric,” pa-
rameterized on the continuum of hypothesized attitudes
of the GPS antenna array. We also define the following
vectors and matrices:

di(l) =
∂al(q)

∂qi
(38)

d̃i(l) =
∂ãl(q)

∂qi
(39)

D(l) = [d1(l) d2(l) d3(l)] (40)

D̃(l) =
[

d̃1(l) d̃2(l) d̃3(l)
]

(41)

ã
†
l (q) =

(

ãHl (q)ãl(q)
)−1
ãHl (q) (42)

w̃i(l) = C
−1/2
l wi(l) (43)

The subscript (i) in the derivative vectors di(l) above
indicates the attitude parameter with respect to which the
derivative is being taken, while the value in parentheses (l)
indicates the satellite to which the array response vector
corresponds.
Theorem 2: The MLAE is a consistent3 estimator for

antenna attitude. That is,

lim
N→∞

q̂ =
o
q (44)

Proof: Consider the contribution of only the first
satellite to G(q) in equation (37), and define this contri-
bution as G1(q):

G1(q) = u
H
1 C

−1/2
1 Pã1(a)C

−1/2
1 u1 (45)

3A consistent estimator has the desirable property that the esti-
mation error decreases as the number of data samples increases.

Recall that ul is a consistent estimator of γla(ν1,
o
q). Then

asymptotically, (45) will converge to the maximum of

|γ1|
2

∣

∣

∣ã(ν1, q)
H ã(ν1,

o
q)
∣

∣

∣

2

ã(ν1, q)H ã(ν1, q)
(46)

where ã(ν1, q) is defined in (33) One could look at equa-
tion (46) and ascertain, by the Cauchy-Schwarz inequal-

ity, that the attitude that maximizes G1 is
o
q. However,

this would not be entirely correct. Indeed,
o
q would be

one attitude to maximize G1. But since the array re-
sponse vector is ambiguous when parameterized in atti-
tude, an entire family of attitudes will maximize G1. Let
the quaternion q1(ω1) represent the family of attitudes
that asymptotically maximize (46). Then using (17) and
(18), q1(ωi) can be written as

q1(ω1) = q̆1(ω1) ?
o
q (47)

where ? represents quaternion multiplication.
Now consider the remaining satellites’ contributions. In

a similar fashion as with satellite one, the family of at-
titudes q2(ω2) that asymptotically minimize the second
through Lth satellite’s contribution to (37) can be found
as

qi(ωi) = q̆i(ωi) ?
o
q i = 2, . . . , L (48)

For the L satellites, there now exist L families of at-
titudes that separately minimize each satellites contribu-
tion to (37). In general, the parameter value that mini-
mizes a sum of functions is not necessarily the value that
minimizes any particular function. However, from The-
orem 1, each of these families of minima intersect in a

single point, the true attitude
o
q. So asymptotically, the

estimated attitude is the true attitude, and therefore the
MLAE is consistent.

Now consider the function G(q) of equation (37) near
the estimated attitude q̂, and the Taylor series expansion
of the gradient vector g′(q) near q̂ [11]. The gradient is
a 3× 1 vector, since there are three independent attitude
parameters. Since q̂ maximizes G(q), the gradient g′(q̂)
at this stationary point is zero. If the difference between
the estimate and true value is small4, then the higher
order terms in the Taylor series expansion may be ignored,
leaving:

0 = g′(q̂) = g′(
o
q) + g′′(

o
q)(q̂ −

o
q) + · · · (49)

such that

(q̂ −
o
q) = −

[

g′′(
o
q)
]−1

g′(
o
q) (50)

where

g′(q) ,

[

∂G(q)
∂q1

∂G(q)
∂q2

∂G(q)
∂q3

]T

(51)

and

g′′(q) ,









∂2G(q)
∂q1∂q1

∂2G(q)
∂q1∂q2

∂2G(q)
∂q1∂q3

∂2G(q)
∂q2∂q1

∂2G(q)
∂q2∂q2

∂2G(q)
∂q2∂q3

∂2G(q)
∂q3∂q2

∂2G(q)
∂q3∂q2

∂2G(q)
∂q3∂q3









(52)

4The error is small if the integration time (i.e. N) is sufficiently
large since the MLAE is a consistent estimator, as previously shown.



and q1, q2, and q3 are the three attitude parameters. By
straightforward evaluation, we find four key relationships
needed to evaluate equation (50):

g′(q) ' 2 Re

{

L
∑

l=1

γ∗l D̃
H(l)P⊥

ãl(
o
q)
w̃l

}

(53)

g′′(q) = −2 Re

{

L
∑

l=1

|γl|
2D̃H(l)P⊥

ãl
D̃(l)

}

(54)

E

[

g′(
o
q)
(

g′(
o
q)
)T
]

'

2 Re

{

L
∑

l=1

|γl|
2D̃H(l)P⊥

ãl
D̃(l)

}

(55)

E[g′(
o
q)] ' 0 (56)

From the last relationship above it is clear that the MLAE
is asymptotically unbiased.
Theorem 3: The asymptotic covariance matrix of q̂, the

attitude estimated with the MLAE, is given by

E
[

(q̂−
o
q)(q̂−

o
q)T
]

'

[

2 Re

{

L
∑

l=1

|γl|
2D̃H(l)P⊥

ãl
D̃(l)

}]−1

(57)
Proof: The estimation error covariance matrix may

be evaluated using (50):

E
[

(q̂−
o
q)(q̂−

o
q)T
]

'

E

[

[

g′′(
o
q)
]−1

g′(
o
q)
(

g′(
o
q)
)T [

g′′(
o
q)
]−1
]

(58)

We may replace the terms involving g′′(
o
q) by their (de-

terministic) asymptotic values, represented as g′′a(
o
q) =

−2 Re
{

∑L
l=1 |γl|

2D̃H(l)P⊥
ãl
D̃(l)

}

:

E
[

(q̂−
o
q)(q̂−

o
q)T
]

'

[

g′′a(
o
q)
]−1

E

[

g′(
o
q)
(

g′(
o
q)
)T
]

[

g′′a (
o
q)
]−1

(59)

Using (55) to address the quantity involved in the ex-
pectation, and observing that that quantity is the nega-

tive inverse of g′′a(
o
q) completes the proof.

Theorem 4: The Cramér-Rao Bound on attitude esti-
mates, when the interference covariance is known and each
satellite return is scaled by an unknown complex gain, is
given by the compact expression

PCR(q) =

[

2 Re

{

L
∑

l=1

|γl|
2D̃H(l)P⊥

ã(l)D̃(l)

}]−1

(60)

Proof: See the Appendix.
Since Pq ' PCR(q), the MLAE is asymptotically an effi-
cient estimator of antenna attitude.

VI. SIMULATION RESULTS

In this section simulation results are used to illustrate
performance differences between conventional attitude es-
timation and the new MLAE in a jammed environment.
Three antenna topologies are used for the studies below.
The first antenna uses 4 elements on a rectangularly sam-
pled grid, while the second and third use 4 and 7 elements
on a triangularly sampled grid in a “Y” and hexagonal
shape, respectively. Figure 2 shows the antenna locations
in wavelengths for these antennas. Each of these is cho-
sen with the maximum inter-element spacing allowed that
prevents grating lobes in visible space5 [12].

The relevant parameters of the simulated receiver are
as follows. The receiver chain simulated has a system
noise figure of 4dB, a coherent signal loss of 5 dB, and a
noncoherent signal loss of 2 dB. Each receiver hardware
channel is assumed identical. The satellite power received
at the antenna is -163 dB. The jammer Effective Radiated
Power (ERP) is 20 watts, and the jammers are located 20
nautical miles from the antenna. Multipath, either from
the jammer or satellites, is not simulated for the studies
below. As is assumed throughout this work, all satellites
used for attitude determination are assumed to be in code
and Doppler track.

Each realization of the simulation produces an attitude
estimate using the estimators discussed in the previous
chapters. There are several ways in which the simulation
results may be presented, but the one employed in this
work, is to calculate the total error for each realization.
The total error is the angular rotation required to rotate
the antenna from the estimated attitude to the correct at-
titude, and is always greater than or equal to zero. For
each scenario, the mean total error across all realizations
in that scenario is calculated for each of the estimation
methods as the average of the total errors from each sim-
ulation realization.

Figures 3 and 4 present the performance of the conven-
tional attitude estimation approach and the new MLAE
as a function of update rate (inverse of integration time).
Both algorithms were evaluated using the three antenna
topologies described above. In Figure 3, a single jammer
with North-East-Down LOS direction vector [.45, .6,−.66]
is visible, while in Figure 4 three jammers at directions
[.45, .6,−.66], [.7, 0,−.71], and [.45,−.6,−.66] exist. As
expected, the conventional approach provides unaccept-
able performance even with only a single jammer visible
and at long integration times. However, the MLAE er-
ror is significantly smaller than the conventional approach
throughout the range of update rates and number of jam-
mers simulated.

VII. CONCLUSIONS

This work has developed an interference resistant algo-
rithm for GPS based attitude determination, the MLAE.
The MLAE optimally includes information from all satel-
lites in view, and its performance is shown herein to
asymptotically achieve the Cramér-Rao Bound (CRB),

5This is to simulate a GPS system that uses an antenna array to
provide anti-jam for position location.
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i.e. the MLAE asymptotically achieves the performance
limit for unbiased estimators. Simulation results demon-
strate that this approach provides a significant increase
in performance over conventional attitude determination
methods in a strong interference environment.

APPENDIX
Cramér-Rao Bound

The Cramér-Rao Bound (CRB) provides a lower bound
on the mean squared error (MSE) of the estimation er-
ror for an unbiased estimator. An estimator whose MSE
achieves the CRB is said to be statistically efficient [13].

The Cramér-Rao Bound (CRB) matrix, Pcr, is

Pcr =

(

E

{

[

∂lnfχ(χ|ρ)

∂ρ

] [

∂lnfχ(χ|ρ)

∂ρ

]T
})−1

(61)

where ρ is a real vector of the unknown parameters, and
fχ(χ|ρ) is the likelihood function. Before performing the
matrix inversion, the right side of the equation (i.e. P−1

cr )
is the “Fisher Information Matrix,” FIM. For attitude de-
termination, ρ consists of the three unknown parameters
of attitude6, qi, i = 1, 2, 3 and the 2×L real components

6A convenient parameterization of the three attitude parameters
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of the L complex gains, in the following order.

ρ =
[

q1 q2 q3 Re(γ1) Re(γ2) . . .

Re(γL) Im(γ1) Im(γ2) . . . Im(γL)
]

(62)

The natural logarithm of the likelihood equation is

lnfχ(χ|ρ) = −

L
∑

l=1

[ul − γlal(q)]
HC−1

l [ul − γlal(q)]

+ {constant terms} (63)

In order to evaluate (61) (i.e. to generate the various
terms of the FIM), the following three derivative formulas
are required:

∂lnfχ(χ|ρ)

∂Re(γl)
= 2 Re

{

aHl (q)C
−1
l wl

}

(64)

∂lnfχ(χ|ρ)

∂Im(γl)
= 2 Im

{

aHl (q)C
−1
l wl

}

(65)

∂lnfχ(χ|ρ)

∂qi
= 2 Re

{

L
∑

l=1

γ∗l d
H
i (l)C

−1
l wl

}

(66)

wherewl is defined in (20) and dk(l) is defined in equation
(38). Derivation of these formulas is straightforward using
the results of [11] and is found in [9].

The order of the terms in the vector ρ determines the
structure of the FIM. Using equations (61) and (64-66)
the FIM may be written as

FIM =





Fq Re [Fq,γ ] Im [Fq,γ ]

Re [Fq,γ ]
T

Fγ 0

Im [Fq,γ ]
T

0 Fγ



 (67)

where

for the CRB calculation is to choose the three Euler angles.



Fq = 2 Re

{

L
∑

l=1

|γl|
2DH(l)C−1

l D(l)

}

(68)

= 2

L
∑

l=1

|γl|
2D̃H(l)D̃(l) (69)

Fq,γ = 2





diag
{

ΓAHC−1
l 41

}

diag
{

ΓAHC−1
l 42

}

diag
{

ΓAHC−1
l 43

}



 (70)

= 2











diag
{

ΓÃH4̃1

}

diag
{

ΓÃH4̃2

}

diag
{

ΓÃH4̃3

}











(71)

Fγ = AHC−1
l A¯ IL

= ÃHÃ¯ IL (72)

and A is a matrix of array response vectors:

A = [a1(q) a2(q) · · · aL(q)] (73)

Ã = [ã1(q) ã2(q) · · · ãL(q)] (74)

and the 4i and 4̃i are M ×L matrices of array response
derivatives

4i = [di(1) di(2) · · · di(L)] (75)

4̃i =
[

d̃i(1) d̃i(2) · · · d̃i(L)
]

(76)

and diag(x) forms a row or column of the diagonal ele-
ments of the square matrix x as appropriate.7

Of interest in this problem is the CRB for the atti-
tude; the complex gain terms are essentially nuisance pa-
rameters. The CRB for the desired attitude parameters,
Pcr(q), is found from the upper 3× 3 block of the inverse
of the FIM. Using the inverse identity of [5],

Pcr(q)
−1 = Re

{

Fq − Fq,γF
−1
γ F

H
q,γ

}

(78)

Now examine the terms of P−1
cr (q). Since Fγ is a diago-

nal matrix, (Fγ)
−1

is also diagonal. Using this, the i, j
element of Fq,γF

−1
γ F

H
q,γ is found to be

Fq,γF
−1
γ F

H
q,γ(i, j) = 2

L
∑

l=1

|γl|
2dHi (l)C−1

l a(l) ∗

(

1

aH(l)C−1
l a(l)

)

aH(l)C−1
l dj(l) (79)

7For n× n matrix x, this operation is,

diag(x) = [1 1 · · · 1] (x¯ In) (77)

where In is an n× n identity matrix.

which can be written as

Fq,γF
−1
γ F

H
q,γ(i, j) = 2

L
∑

l=1

|γl|
2d̃Hi (l)Pã(l)d̃j(l) (80)

The entire 3× 3 matrix of Fq,γF
−1
γ F

H
q,γ is

Fq,γF
−1
γ F

H
q,γ = 2

L
∑

l=1

|γl|
2D̃H

i (l)Pã(l)D̃(l) (81)

Finally, recall that Fq = 2 Re
{

∑L
l=1 |γl|

2D̃H(l)D̃(l)
}

, so

that

P−1
cr (q) = 2 Re

{

L
∑

l=1

|γl|
2D̃H(l)P⊥

ã(l)D̃(l)

}

(82)

which concludes the proof.
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